Pressure-driven ion transport through conical and hourglass-shape (double conical) nanopores is investigated theoretically by solving the Poisson, Nernst-Planck and Navier-Stokes equations numerically. Due to the electrostatic asymmetry in conical nanopores, these latter exhibit nanofiltration rectification properties, i.e. they reject salts differently depending if the solution enters the nanopore from its base or its tip. The filtration rectification properties of conical nanopores result from two different phenomena, (i) the co-ion exclusion at the pore mouth and (ii) the sign and the magnitude of the (pressure-induced) electric field arising through the nanopores. Hourglass-shape nanopores exhibit improved separation performance compared with cylindrical and conical nanopores with identical average diameter, length and surface charge density. Notably, they allow target salt rejections to be reached with a smaller driving force than the other pore geometries, which makes them attractive candidates for the design of advanced nanofiltration membranes allowing less energy intensive separations.
Introduction
Ion transport in synthetic nanochannels has become a field of intensive research thanks to the remarkable advances in fabrication technology [1] [2] [3] [4] [5] [6] [7] [8] . Nanochannels are characterized by a high surface-to-volume ratio and dimensions comparable with the Debye length, thus leading to surface-charge-governed ion transport with direct implications on e.g. their conductance, selectivity or efficiency in electrokinetic energy conversion [9] [10] [11] .
Interestingly, nanopores exhibiting an electrostatic asymmetry possess rectification properties, i.e. the transport rate of ions depends on the direction of the driving-force applied through the nanopores [12] [13] [14] [15] [16] [17] [18] [19] [20] . For instance, Karnik et al. built an ionic diode, rectifying ion current in a similar way as a semiconductor diode rectifies electron current, by introducing a surface charge discontinuity in a nanofluidic channel [13] . Cheng and Guo reported rectified ion transport properties of silica nanochannels induced by concentration gradients [15] while Szymczyk et al. investigated pressure-induced salt flux rectifications by nanopores exhibiting 3 a symmetry breaking in the surface charge distribution with potential applications in water desalination [17, 18] .
Conical nanopores, which can be obtained by track-etching techniques [21] , are particularly attractive since their asymmetry in shape can lead to high current-voltage (I-V) rectification degrees even in the case of homogeneously charged pores [22, 23] . The reason is that an heterogeneity in the pore shape leads to an heterogeneous distribution of the local volume charge density even if the surface charge is smeared homogenously over the pore walls. It was shown that the I-V rectification properties of conical nanopores could be even improved by an appropriate surface functionalization, notably by creating bipolar pores with separate positively and negatively charged regions [24] .
Thanks to their asymmetric transport properties conical nanopores are now considered as promising candidates in applications like nanofluidic diodes, ion pumps or sensors for chemical analysis and particle size detection [13, [24] [25] [26] [27] [28] [29] [30] .
However, most reported works about rectification properties of conical nanopores have focused on electrically-driven ion transport while pressure-driven transport has not yet received attention although pressure-driven techniques like nanofiltration have gained increasing attention in recent years as environmentally friendly and energy efficient separation processes [19] . The aim of this work is then to investigate theoretically the nanofiltration performance of conical nanopores, including double conical pores with an hourglass-shape. Flux and rejections of various electrolytes (symmetric and asymmetric) are computed by means of the Poisson-Nernst-Planck theory combined with the Navier-Stokes equation and are compared with those obtained with a cylindrical benchmark nanopore.
Theoretical model
Four different pore shapes were considered in this work (see Figure 1) : cylindrical, conicalconvergent (i.e. with the pore base facing the high pressure compartment), conical-divergent (i.e. with the pore tip facing the high pressure compartment), and hourglass-shaped. The geometrical features of the different pores are collected in Table 1 . The structural features of the different pores were chosen to be relevant with those of actual nanofiltration membranes [19] . Indeed, Bowen and Mohammad reported the mean pore diameter of twenty-nine commercial nanofiltration membranes in the range 0.8 -3.2 nm [31] . We considered isothermal systems (with temperature T set to 298 K) and the external solutions in both high pressure and low pressure compartments were assumed to be ideal and perfectly stirred.
In this work a continuum-based approach was used to solve numerically the problem of pressure-driven transport of electrolytes through the various nanopores described in Table 1 .
This approach relies on the Poisson and Nernst-Planck equations to determine the electrical potential and the ion concentrations inside the nanopore, respectively:
where  is the electrical potential, e the space charge density, F the Faraday constant,  0 the vacuum permittivity,  r the solution dielectric constant, c i , z i , j i and D i are the concentration inside the nanopore, the charge number, the molar flux and the diffusion coefficient of the ion i, respectively, R is the ideal gas constant, T the temperature, and u is the fluid velocity resulting from the application of an external pressure gradient (the third term in Equation 2 represents the contribution of convection (or advection) to the ionic flux).
At steady state the ionic fluxes satisfy the continuity equation:
The fluid velocity (u) in Equation 2 obeys the Navier-Stokes equation:
where P is the hydrostatic pressure and  and are the fluid viscosity and density, respectively.
The right-hand side of Equation 4 represents the inertia term which was found to be negligible in all simulations, as expected because of the low Reynold numbers under consideration.
For an incompressible fluid the continuity equation reads as follows:
Due to axial symmetry the above system of three-dimensional equations is reduced into a two-dimensional problem. The following boundary conditions were specified in order to solve Figure 1 ).
-at the pore axis: axial symmetry -at the pore wall: the pore wall was considered to be ion-impenetrable (
, where n is the unit outer normal vector of the pore wall) and to bear a constant surface charge density 
). The no-slip condition was applied at the pore wall ( 0  u ).
-at the pore outlet (z = 100 nm):
and  =  outlet (initially unknown;  outlet is estimated through an iterative process by taking into account the electroneutrality condition, i.e. 
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Due to their finite size, ions cannot come closer to the pore wall than to an effective distance of minimum approach, which was considered here as equal to their Stokes radius.
Equations 1-5 were solved simultaneously by a finite element method with the COMSOL Multiphysics 4.1 Software using the fully coupled direct solver MUMPS. The twodimensional, axisymmetric pores were meshed with very fine elements, especially in the inlet and outlet regions where strong concentration and electric potential gradients occurred. The mesh independence of the numerical solution was carefully checked. Depending on the pore shape, 80 000 to 100 000 elements were used for meshing (mostly triangular elements and quadrilateral elements for the boundary layers). The mesh statistics showed that the minimum element quality was around 0.3 and the average element quality higher than 0.9 (for highly anisotropic systems like the nanopores under consideration in the present work, a mesh quality above 0.1 is advisable).
The use of continuum-based theories to describe ion transport through nanopores has been a matter of controversy, notably because they cannot describe confinement-induced phenomena like e.g. the layering of solvent molecules confined in a nanochannel [32, 33] or the single-file arrangement of water molecules through subnanometer carbon nanotubes [34] . Nevertheless, approximate models based on continuum approaches have been found to account fairly well for experimental results obtained with pores of nanometric dimensions [22, 35, 36] .
Regarding continuum hydrodynamics, the Navier-Stokes equation has been found to be remarkably robust, remaining valid down to extremely small length scales (typically 1 nm for water) [37, 38] . Ható et al. showed that approximate models based on continuum theories can capture the overall physics of nanopores-based devices correctly (despite the incomplete description of molecular level phenomena) because they include the physics that is necessary from the point of view of the system transfer function, i.e. the relation between the input signal and the system response [20] . Therefore, continuum-based models giving at least a semi-quantitative description of ion transport can help to optimize the construction of nanopores-based devices with desired transport characteristics [12] . It is also worth stressing that, in many cases, continuum-based models are the only way to compare with experiments because fully atomistic simulations remain too computationally expensive. For instance, the typical transmembrane pressure difference applied through nanofiltration membranes lies in the range 10-50 bar, which is far too small to get any statistically meaningful results from molecular simulations. Moreover, previous works suggested that the salt flux (and so the salt rejection) could vary monotonously or non-monotonously with the applied pressure difference depending on the surface charge distribution [17, 18] . Since the aim of the present work was to investigate the nanofiltration performance of conical nanopores it was therefore essential to work with tools allowing actual nanofiltration operating conditions to be reproduced, i.e. P ≤ [13, 35, [42] [43] [44] and it seems reasonable to assume that the performance of this theoretical framework for describing electrically-driven transport and pressure-driven transport through conical pores should be similar. 
Results and discussion
The rectification degree of the conical nanopores B and C (see Table 1 ) is shown in Figure 3 .
It is found to be dependent upon the driving force, similarly to what was already reported in the case of electrically-driven transport [2, 16] . Strikingly, a significant rectification degree is observed (RD > 4 for P = 50 bar) although pores B and C geometry deviates only very 9 slightly from cylindrical geometry since the half cone angle  (see Figure 1 ), defined as
The filtration rectification phenomenon observed with conical nanopores can be easily understood by the stronger co-ions (i.e. chloride ions) exclusion occurring as the pore tip is in contact with the feed solution (see the axial profiles of the co-ion concentration in Figure 4) , which results from the higher pore volume charge density (in absolute value) in the pore-inlet region. The higher salt rejection obtained with the cylindrical pore compared with the conicalconvergent one (see Figure 2) can be justified by the same argument since the inlet diameter of the cylindrical pore is smaller than that of the conical-convergent one (1.2 nm against 1.6 nm; see Table 1 ). It is worth mentioning that in the case of single binary electrolytes it is usual to focus only on co-ions because they limit the overall salt transfer since the electrolyte solution exiting the nanopore must be electroneutral ( 0
) [45] .
However, results reported in Figure 2 show that the hourglass-shape nanopore exhibits the best rejection performance among the different pores although its inlet diameter is wider than that of both the cylindrical and conical-divergent pores. This suggests that an additional phenomenon comes into play. Moreover, the dependence of RD towards the applied driving force (P) highlighted in Figure 3 sheds light on the non-equilibrium nature of this phenomenon.
Under nanofiltration conditions, an electric field arises spontaneously through the nanopore as a response to the applied hydrostatic pressure gradient, so that no net electrical current flows through the nanopore at steady-state (
). In the case of nanopores without any electrostatic asymmetry (e.g. a cylindrical pore with a constant surface density) this electric field always drives the counter-ions towards the high-pressure side so as to ensure the electroneutrality of the pore-filling solution [45] . Szymczyk et al. showed that the (pressure-induced) electric field arising through cylindrical nanopores having heterogeneous charge distributions can be strengthened, weakened or even reversed depending on the sign of the space charge density gradient through the nanopore [17] . Figure 5 shows an example of the axial profile of the (pressure-induced) electric field along the pore axis of the different nanopores (note that, as expected for the small pore sizes under consideration with respect to the Debye screening length, the radial variations of the electric field were found to be negligible). For the sake of clarity, the regions very close to the pore mouths, where the local electric field can reach very high values, are not shown in Figure 5 (see the supporting information for results over the entire pore length). Strikingly, the electric field has a different sign in the conical-divergent and conical-convergent nanopores. It results from the different sign of the space charge density gradient in the two systems. Indeed, the absolute value of the nanopore volume charge density (C m -3 ) decreases from the pore inlet to the pore outlet in the conical-divergent nanopore (i.e. from the pore tip to its base) whereas the opposite is true for the conical-convergent nanopore. This phenomenon also contributes to the filtration rectification properties of conical nanopores shown in Figure 2 and 3. As expected, the electric field in the hourglass pore changes sign in the middle of the pore (z = 50 nm) because the sign of the charge gradient changes too. Interestingly, the electric field is found to be much stronger in the hourglass nanopore than in both the conical-divergent and conicalconvergent nanopores, which explains the better rejection performance of the hourglass nanopore reported in Figure 2 . It results from the stronger charge gradient in the hourglass pore since the base/tip distance in this pore is twice as less as in the conical-divergent and conical-convergent nanopores (the pore length was set to 100 nm for all systems as indicated in Table 1 ). Otherwise stated, the magnitude of the electric field depends upon the cone angle  as already noticed by Tseng et al. in the case of electrically-driven ion transport [27] . It should be stressed, however, that if  is increased while keeping the tip diameter constant, then the co-ion exclusion in the pore inlet region is expected to be weakened since the base diameter is larger. Our results therefore suggest that there is an optimal cone angle for which hourglass nanopores would perform best (this issue is out of the scope of the present study and will be addressed in a subsequent work).
In the last part of this work we wanted to check whether the improved nanofiltration performance of the hourglass-shape nanopore reported in Figure 2 was still observed under different conditions of surface charge density, pore size and electrolyte type. Since nanofiltration has been used in many numerous applications (e.g. desalination, solute concentration, water hardness lowering, etc.) for which substantially different rejection rates are sought for, we computed the pressure difference to be applied through nanopores with different properties in order to reach some target rejection rates. Results are shown in Figure 6 .
Interestingly, the driving force required to reach the target salt rejection is always found to be weaker as the separation is performed with hourglass nanopores, thus confirming the improved nanofiltration performance of these latter. These results are of great interest since they mean that nanofiltration could be operated with substantial energy savings by designing advanced nanoporous membranes with hourglass-shaped pores.
Conclusion
The nanofiltration performance of conical and hourglass-shape (double conical) nanopores was investigated by means of an approximate approach based on Poisson-Nernst-Planck theory and continuum hydrodynamics. Similarly to what was already reported for electricallydriven ion transport, conical nanopores were found to exhibit pressure-driven salt flux rectification properties, i.e. the salt flux is different if the solution is forced to flow through the nanopore from the base to the tip of from the tip to the base. These filtration rectification properties were explained by the different co-ion exclusion at the pore mouth and by the different (pressure-induced) electric field arising through the nanopores (notably it was shown that this latter changes sign as the electrolyte solution enters the nanopore by its base or its tip). Hourglass-shape nanopores were found to outperform the separation performance of both cylindrical and conical nanopores, which was explained by the stronger electric field arising through hourglass-shape nanopores due to larger cone angles. The simulations performed in this work also suggest that membranes with hourglass-shaped nanopores could make the nanofiltration process more energy efficient by decreasing the driving force required to operate the separation. and C (see Table 1 ). Simulations were carried out with  = -1 mC m Table 1 ). Simulations were carried out with  = -1 mC m -2 and a 1 mEquiv L -1 CaCl 2 feed solution.
22 Simulations were carried out with pores A-D (see Table 1 Table 1 ) with different surface charge densities () towards KCl solutions; (b)
Performance of pores A-D with different  towards asymmetric electrolytes (note that the target CaCl 2 rejection cannot be reached with the negatively charged conical-convergent nanopore). All simulations were performed with 1 mEquiv L -1 feed solutions.
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